A theoretical study of the structural transition of impurity nanorod array in epitaxial YBa 2 Cu 3 O 7−δ films on vicinal SrTiO 3 substrates is presented. Two possible types of film/substrate interface were considered with one assuming a complete coherence while the other, defective as manifested in presence of anti-phase grain boundaries. Only in the former case, the increase of the vicinal angle of the substrate leads to a substantial change of the strain field in the film, resulting in a transition of the nanorod orientation from the normal to in-plane direction of the film. The calculation of the threshold vicinal angle for the onset of the transition and the lattice deformation of the film due to the inclusion of the impurity nanorods is in very good agreement with experimental observations.
While extended columnar defects provide an increased overall pinning force in the superconducting films as they effectively pin magnetic vortices along their length, a splay alignment of the columnar defects has been found to reduce the possibility of vortex hopping and result in stronger pinning in high magnetic fields [9] [10] [11] [12] . The tuning of the defect alignment in YBCO films could therefore provide a possibility to optimize the overall behavior of J c with, especially, reduced J c anisotropy with respect to the direction of magnetic field. In order to achieve the controlled alignment of columnar nanostructures such as BZO nanorods in YBCO films, we recently employed vicinal SrTiO 3 (STO) substrates to introduce controllable structural parameters for the formation of nanostructures 13, 14 . It was observed that the orientation of BZO nanorod arrays in YBCO films depends on the vicinal angle of the vicinal substrate. Increasing the vicinal angle can change the nanorod alignment from the normal direction of the film, to splayed around the normal at 5
• , and to the ab plane of the film at larger angles 13, 14 . In the splayed case, much enhanced overall J c was obtained in magnetic fields up to 5 T with almost any field orientation. Theoretical understanding of the role of the vicinal substrate on the nanorod orientation is thus important but not currently available. This paper presents the first theoretical study on the impurity nanorod alignment in epitaxial YBCO films on vicinal substrates. The propose model for the formation of nanostructures is rather generic and could be applied to a variety of epitaxial nanocomposite films to guide growth of nanostructures in a controllable fashion.
In this study, the effect of vicinal substrates on the formation of impurity nanorods in epitaxial YBCO films is modeled in terms of the effect of lattice-mismatched substrates. The configurations of the nanorods in epitaxial YBCO films on lattice-mismatched substrates have been studied with a micromechanical model 15 , in which the formation of the nanorods was assumed to be the consequence of the relaxation to the energetically-preferred elastic equilibrium of coherently strained lattices due to lattice mismatches among film, dopant, and substrate. The possibility to fabricate impurity nanorod arrays with the vertical or horizontal alignment in the c-oriented YBCO films depends on the elastic energy of the strained lattices with respect to other possible nanorod configurations. The elastic energy of strained lattices is defined as
where E i is the elastic energy density for film (i = 1), dopant (i = 2), and substrate (i = 3), respectively. Considering the tetragonal symmetry of twinned YBCO film and the cubic symmetry of substrate and dopant, the elastic energy density can be written as
where u jk is the strain tensor and λ i1 = c
13 , and λ i4 = c
55 are the elastic constants of the material labeled with i. The elastic constants used in this study can be found in Refs. [16] [17] [18] [19] . Note that the interaction energies at film/substrate and film/dopant interfaces are included implicitly in E i as u jk is the solution of equilibrium equations with the boundary conditions that are the result of the interface interactions. The equilibrium equations can be written as respectively, and σ jk = ∂E i /∂u jk is the stress tensor. At an interface between two coherently bonded lattices, the boundary condition of Eq. (3) prescribes continuity of the force on the interface and allows for a discontinuity of the strain across the interface, i.e.
where n and s are the unit vectors normal and tangential to the interface, (u jk (1), σ jk (1)) and (u jk (2), σ jk (2)) are the strain and stress at the interface in lattice 1 and 2, respectively, and f k is the lattice mismatches at the interface along the s k direction. At the top surface of a film the boundary condition is simply n k σ jk = 0 and deep inside the substrate the strain vanishes. Consider the case that the c-oriented YBCO film mismatches with the substrate lattice along the [100] direction. To determine the energetically-preferred orientation of impurity nanorods in the film, the equilibrium strain was solved from Eq. (3) for the nanorods aligned in the [001] or [100] direction of the film and the difference of the elastic energies with the two alignments were obtained as 
is of the elastic constants of the film (i = 1), dopant (i = 2), and substrate (i = 3), respectively, and α = λ 12 /λ 11 . In Eq. (5),
where f 1 + δf 1 and f 3 + δf 3 are the lattice mismatches between the dopant and the strained film lattice due to the mismatched substrate. These lattice mismatches were calculated in Ref. 15 as
where (a 1 , c 1 ) and (a 2 , c 2 ) are the lattice constants of the film and dopent along [100] and
[001] direction, respectively,
f s = a 3 /a 1 − 1 is the lattice match between the film and substrate along the [100] direction, and a 3 is the natural lattice constant of the substrate. For ρ << 1, G as a function of w 2 , f 1 , f 3 , and f s can be conveniently used as a state function for the nanorod orientation. When For YBCO epitaxy films on the vicinal substrate, two possible YBCO crystalline configurations near the film/substrate interface have been observed experimentally. In the first configuration (see Fig. 1a ), the YBCO ab planes follow the substrate (001) planes on terraces (miscut steps) on the vicinal substrate surface and antiphase boundaries are typically formed in YBCO along the c axis at (or near) the step edges of the terraces [20] [21] [22] . In this case, the YBCO ab planes can become detwinned with the shorter a axis of the orthorhombic YBCO layer preferably oriented along the miscut direction 23, 24 . The percentage of the untwinning was observed to increase linearly with the vicinal angle 23 and almost complete (70% to 90%) detwinning occurs at 10
• vicinal angle in one study 23 and less than 1
• vicinal angle in another study 24 . In the second observed crystalline configuration (see Fig. 1b ),
the YBCO c axis aligns with the normal of the substrate optical surface and the YBCO ab planes follow the substrate surface [24] [25] [26] [27] . In this case, very few antiphase boundaries were ob- to its natural value (a 01 = 3.823Å) as the vicinal angle φ increases, i.e.
where z = 1 − φ/φ u , φ u is the vicinal angle at which the ab plane is completely detwinned, and H(z) is the Heaviside step function as H(z) = 0 for z < 0 and H(z) = 1 for z ≥ 0. In the case that the YBCO c axis is perpendicular to the optical surface of the vicinal substrate, the effective lattice constant of the substrate is
where a 03 is the natural lattice constant of the substrate and χ is a parameter for easily switching the direction of the film lattice in the calculation. The film ab planes are parallel to the substrate lattice if χ = 0 and with the substrate optical surface if χ = 1. Including both effects of the detwinning and tilting of the film ab planes, the lattice mismatch between the film and substrate along the miscut direction ([100] direction) is
In the direction perpendicular to the miscut direction, the mismatch between YBCO and STO substrate at the film/substrate interface is negligible. Substituting f s in Eq. (13) into Eqs. (7)- (10) The deformation of the film lattice due to the inclusion of the nanorods can be calculated by averaging the principal components of the equilibrium strain over the film 15 , which can be compared with experimental measurement. Because of the different nanorod orientation, the deformation of the YBCO lattice is different in the regions of φ < φ c and φ > φ c . When φ < φ c , the deformation of YBCO calculated from the equilibrium strain is
For BZO or BSO nanorods in YBCO films on STO substrates, f 3 + δf 3 > 0. Hence δa 1 < 0 and δc 1 > 0, which represents a compression and expansion of the YBCO lattice along the a and c axis, respectively. When φ > φ c , the deformation of the YBCO lattice is calculated
In this case, the YBCO lattice is expanded along the a axis and compressed along the c axis. Note that the ratio of the film lattice deformations along the [001] and [100] direction is independent of the properties of the dopant and substrate. Figure 3 plots δa 1 /a 1 and δc 1 /c 1 as functions of φ calculated from Eqs. (14) and (15) 
